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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-402

ANALYSIS OF FRAME-REINFORCED CYLINDRICAL SHELLS

PART I - APPLICATIONS 1

By Richard H. MacNeal and John A. Bailie

ABSTRACT

Tables are presented giving the loads and displacements in a flexible frame
supported by a circular cylindrical shell and subjected to concentrated radial, tangential,
and moment loads. Additional tables give the loads in the shell. The solutions are
presented in terms of two basic parameters, one of which is of second-order importance.
Procedures for modifying the important parameter to account for certain non-uniform
properties of the structure are presented. This enables the one set of tables to be used
for the solution of a wide variety of shell-frame problems, some of which have not been
solved previously.

The parameters of the two companion publications are computed on a more rational
basis than previously. This increases the confidence in, and range of application of, the
charts in these publications.

NOTATION
2.25
A 4z - parameter of references 4 and 5
Y
a; ] influence coefficient
L ,2
B (_I:I:—)/ 72 ~ parameter of references 4 and 5
c
4
r Gt
d EIOL ~ parameter of reference 3
E Young's modulus ~ lbs /in2

lOriginally prepared as IMSD 49734, Lockheed Missiles and Space Division,
Sunnyvale, California, and reproduced in original form by NASA, by agreement
with Lockheed Aircraft Corporation, to increase availability.
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Q =

Young's modulus of unloaded frames ~ Ilbs /in2
Young's modulus of loaded frame ~ lbs /in2
Young's modulus of skin ~ lbs /in2

base of natural logarithms

axial force in loaded frame ~ lbs

shear modulus ~ lbs /in2

eccentricity between neutral axis of loaded frame and median
plane of skin ~ in.

moment of inertia of a typical unloaded frame ~ in4

moment of inertia of an unloaded frame, distant £ from the loaded
frame ~ in'

moment of inertia the loaded frame ~ in4

I/Z0 ~in
2 L 2
2 1+2(E_;l)_(_£)
ny/ n -1 . 3 Le
2 L. 2
2/ 3 /1+n-1 (‘_,;)
3 Lc

distance from loaded frame to undistorted shell section ~ in.

]

J6 i

., 2 1/4
characteristic length (see Glossary) £ [ tr ] ~ in,

Et

characteristic length (see Glossary) = Gt

i
(1L ]
o
=]

frame spacing ~ in.

bending moment in loaded frame ~ in lbs

T _1NzZN



TT—

L-10%0

o T

externally applied concentrated moment ~ in. lbs

bending moment per inch in shell ~ in Ibs/in.
index of harmonic dependence inthe ¢ direction
externally applied radial load ~ 1lbs

axial load per in inch in the shell ~ Ibs/in.

shear flow in shell ~ Ibs/in.

radius of skin line ~ in.

transverse shear force in loaded frame ~ lbs
transverse shear per inch in shell ~ lbs /in.
externally applied tangential load ~ Ibs

skin panel thickness ~ in.

effective skin panel thickness for axial loads ~ in.

weighted average of all the bending material (skin and stiffeners) adjacent
to the loaded frame, assumed uniformly distributed around the perimeter ~ ins.

axial displacement of shell ~ in.
tangential displacement of shell ~ in.
radial displacement of shell ~ in.
axial co-ordinate of shell, in.

""beef-up' parameter IO/ZiLc
v for a nearby heavy frame

polar co-ordinate of frames and shell
g/r - eccentricity parameter

rotational displacement, radians




GLOSSARY OF TERMINOLOGY

The terms "Input Impedance, "' "Transmission Matrix]' and "Characteristic
Length" are used in this report and are defined as follows:

Input Impedance: The relationship between the tangential displacement and
shear flow harmonic coefficients of the shell at the section of the loaded frame.

Transmission Matrix: The forces and displacements at one end of a finite
length of unloaded shell can be written in terms of their values at the other end;
the square matrix defining these relationships is the transmission matrix.

Characteristic Length: In this report there are two characteristic 1engths,
defined as follows. L. is the distance required for the exponential envelope of
the lowest order self-equilibrating stress system to decay to 1/e of its value at
x = 0, provided that the skin panels are rigid in shear. Lr is the distance
required for the envelope of the lowest order self-equilibrating stress system to
decay to 1/e of its value at x = 0, provided that the frames are rigid in bend-
ing.

INTRODUCTION

There are basically two approaches to determining stresses that are due to
concentrated loads applied to flexible frames which are supported by cylindrical
shells. One is to make a complete redundant analysis of each problem, utilizing a
large digital computer. The second, which is adopted here, is to devise simple
approximate procedures. Such procedures should promote a better understanding
of the problem, and provide tables or charts of results as functions of as few para-
meters as practicable. The analysis is undertaken in references 1 and 2. The results
obtained from that analysis are summarized in this report which is intended to be a
reference for persons interested in using the results, but who are not concerned with
the mathematical derivations.

In any theoretical analysis in the field of mechanics, the first step 1s to set
up a mathematical model that contains the essential physical characteristics of the
system, and yet is amenable to known mathematical techniques. The model for this
analysis is described in detail in next section. Tables for the load in the shell and
the externally-loaded frame, derived for the model, are included in this report. In
practice, many shells deviate markedly from any such simple model, and in refer-
ence 2 a considerable effort is devoted to the derivation of simple corrections to the
basic parameter to account for such deviations. This enables the tabies to be
utilized in the solution of a much wider range of shell-frame problems. The results
of the investigation, while initially intended mainly for airplane fuselage analysis,
have been successfully applied to a ballistic missile body and an airplane landing-
gear strut. These uses suggest wide applications of the techniques in cylindrical
shells whose skin thickness is small compared to their radius.

T.-1030
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BASIC ASSUMPTIONS AND COMPARISON WITH ASSUMPTIONS
OF PREVIOUS ANALYTICAL METHODS

It is necessary to be aware of the basic assumptions made in this analysis in
order to make effective use of the results. A comparison with the assumptions of
references 3 and 4 is made to indicate differences in the solutions of the three methods.

In the method of attack with which this report is mainly concerned, a simplified
structural model (fig. 1) is used to obtain a solution for a uniform shell stretching to
infinity on both sides of the loaded frame. Clearly the effect of any frame can be
propagated only a finite distance along the shell. In practice, the perturbations from
"elementary beam theory'" are, at worst, negligible at L¢ inches away from the
loaded frame. Procedures for modifying the solution to account for discontinuities
and non-uniform properties are discussed in the following sections. For the model
used,the following assumptions are made:

(1) Concentrated loads are applied to the loaded frame and are reacted
an infinite distance away on either one or both sides. The shell extends
to infinity on both sides.

(2) The loaded frame has in-plane bending flexibility. It is free to warp
out of its plane and to twist. It has no axial or shearing fiexibilities.
Its moment of inertia for circumferential bending is constant.

(3) The effect of the eccentricity of the skin attachment with respect
to the frame neutral axis is ignored for both the loaded and unloaded
frames.

(4) The shell consists of skin, longerons, and frames similar to the
loaded frame, but possibly with different moments of inertia. The
skin and longerons have no bending stiffness. All properties of
the shell are uniform.

(5) The longerons are "smeared out" over the circumference giving an
equivalent constant thickness, t' , (including effective skin), for axial
loads.

(6) The shell frames, but not the loaded frame, are '"smeared out' in the
direction of the shell axis, giving an equivalent moment of inertia per
inch, i , for circumferential bending loads.

The model and the assumptions employed in this report differ from those used
by other authors. In reference 3,the model shown in figure 2 is used. . The assump-
tions regarding the loaded frame are identical to those employed in this report. The
assumptions regarding the idealized shell are:




(1) It contains no frames.

(2) Longerons are infinitely rigid for axial loads, infinitely flexible for
bending, and continuously '"'smeared out. "

(3) The panels have uniform shear stiffness.

The length to the undistorted section, L , is chosen on an empirical basis.
Nevertheless, as will be shown, the length L can be chosen such that the results
agree reasonably well with those given by the present theory.

In references 4 and 5, models are used similar to the model employed in
this report. The main differences are that the shell frames are concentrated,
rather than "smeared out, " are equally spaced, and have moments of inertia
equal to the moment of inertia of the loaded frame. Charts, calculated from the
equations in reference 4, are given in reference 5.

The assumption of concentrated frames is more realistic than the assump-
tion of "smeared out" frames. On the other hand, the following advantages are
claimed for the latter assumption:

(1) Simplified mathematical processes in getting a solution. This
simplification of the theory promotes clearer insight into the
processes involved. It also permits easier extension to more
involved problems.

(2) Eliminatingoneparameter in plotting solutions. In reference 5, two
parameters were required to describe the properties of a uniform
shell. In the present analysis, variations in one of the two parameters
produce little change in the results and it is possible to compensate
for these variations by modifying the other parameter.

(3) Greater accuracy in the analysis of a heavily reinforced frame.

The simplified structural models previously described bear only slight
resemblance to practical aircraft shells. The differences might be described as
the omission of the following effects:

(1) Finite frame spacing

(2) Nonuniformity of longeron area, skin thickness and frame moment of
inertia both in the circumferential and axial directions

(3) Local reinforcement of the loaded frame near concentrated loads
(4) Eccentricity of the skin connection to frames

(5) Internal bracing of the frames

(6) Nearby discontinuities in the shell, such as free ends, rigid bulkheads, etc.

.L-1030
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(7) Elliptical cross-sections
(8) Changes in radius of shell in the axial direction
(9) Presence of cut-outs
(10) Finite axial and shear stiffness of the frames
(11) Bending stiffness of longerons

(12) Assumptions of linearity, etc.

A considerable effort is expended in references 1 and 2 in attempts to account
for some of these effects. The main objective of this effort is to express the influence
of the above effects as modifications to the basic parameter so that the tables are
still applicable. A detailed discussion of some of the above effects is given in the
following sections, where it is shown that items 1 to 6 inclusive can be handled quite
simply. Reference 6 presents solutions accounting for items 4, 10,and 11 above,
together with experimental results for shells representative of airplane construction.
It is shown that in such shells the high stear stresses adjacent to the loaded frame
predicted by references 1, 3,and 5 do not occur in practice due to the neglect in the
analyses of effects such as items 4, 10,and 11 above.

EVALUATION OF PARAMETERS Lr , L0 and ¥y
Case of Uniform Shell

In cases where the shell happens to satisfy all of the assumptions listed in
the previous section, and in particular, if the skin thickness, stringer area, and
shell-frame moment of inertia are uniform in both the axial and circumferential
directions, the following formulas may be used:

,.211/4
L =-L t—i"—} ()

C \/é 1

T Et!'
L= 3JGt &

Y = (3)




Young's modulus for skin, stiffeners and all frames is assumed equal . Using these
parameters and interpolating in the tables give coefficients which, when substituted
into the equations on pages 14 and 15, yield the required loads and deformations. In
non-uniform shells, use the modified parameters indicated in the following equations:

Case of Non-Uniform Shell

(1) In case that the shell properties, i , t , and t' , vary over the surface
of the shell to a moderate degree, the following formulas and definitions
are appropriate:

E_t 2 1/4
L = =X SK e (4)
c 75 Efi
1
Lo [hsxt (5)
r 2 Gt
EOIO
YS3E.ILD (6)
f c

The stiffness factors, Gt , Egg te , and Ef i , must be averaged in the
neighborhood of the loaded frame. The factors Gt and Egg i should be
averaged over a length of shell extending approximately one-half of a
characteristic length from the loaded frame in both directions.

(2) When unloaded frames have unequal moments of inertia or are unequally
spaced, the following weighting factor method may be used for computing
E,i:

f
Epl = (EBppyg * By M
(B g g :L—lc z (WE 1) (®)
fwd
(B¢ Dage =Tlc 2 (WE 19 ©)
aft

‘-
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where

W =1 'X/Lc forX<Lc

=0 for x > L
c

(x is measured forward and aft of the loaded frame).

The summations in equations (8) and (9) are to be extended over all frames
except the loaded frame. The method of calculation gives greater importance to
frames closest to the loaded frame and less importance to those farther way. For
the case of a single, particularly heavy, neighboring frame, or for other neighbor-
ing discontinuities such as rigid bulkheads, a free end, or a plane of symmetry,
the correction factors to be discussed should be applied. If those corrections
are applied, the heavy frame or other discontinuity must be ignored in applying
equations (7), (8),and (9). In particular, if the loaded frame is near the end of
the shell, the shell must be continued beyond the end, fictitiously, in the summa-
tions of equations (7), (8), and (9), as though the shell were symmetric about the
loaded frame and extended for a length greater than L, on both sides of the
loaded frame.

The method of calculation indicated in this sub-section exaggerates the effect
of frames which are heavier than average when compared with the more accurate
method of correction given in the next section. Since L. depends on (Efi) 174, an
initial estimate of Efi is required in order to calculate the L used in equations
(7), (8) and (9).

Corrections to Y , the '"Beef-Up' Parameter

A good many of the differences between practical shells and the mathematical
model listed in a previous section can be approximately accounted for by modifying
Y . The theory of these corrections is derived in references 1 and 2. The general
form of the modified "beef-up' parameter, y* , is

*
Yy = fbf ,ete., (10)

where vy is computed by the methods of the preceding section, and f , ib’ and fc
are factors accounting for effects a, b, ¢, etc.

Modification for Different Value of Lr/ Lc

The values of L_/L_ used in the tables are 0.2, 0.4,and 1.0. To account
for values of this parametgr between 0.2 and 1.0, graphlcal interpolation should
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be used. Otherwise, the following formula may be applied:
*
Lr 2 Lr Sq2
1 + f; 1 + 2 i—c
ey (11

SN GIRVETE

where (LI./L(,)S is the value of the parameter for the shell, and (L /L¢)* is the value
of the parameter closest to (Ly/L¢)® , for which tables are available,

* _

Y =Y

Modification for Finite Frame Spacing

The modification for finite frame spacing given by Appendix A of reference 1,
is repeated below:

' L\

[o) 1 {r 1
y*:yl+—~<1+—>4(—— + — (12)
2Lc K2 2‘)’K2 Lc (Lr)z
1+ =)/

Lo

Modification for Nearby Heavy Frames and for Other Similar Nearby Discontinuities

The corrections to ¥ in a previous section are not intended to account for
discontinuities in circumferential bending stiffness. The form of the correction for
these effects is:

y*= y -f(2) (13)

Figure 6 shows £(2) plotted for nearby heavy frames and for nearby rigid bulkheads.

L-103%0
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Figure 7 shows £(2) plotted for a finite length of shell terminated in various ways on one
side of the loaded frame. The validity of the correction is considered doubtful for

f(2) < 0.25, due to the importance of higher order stress systems. Figures 6 and 7
are for Lr/Le = 0.4, but their variation with Ly/L¢ is negligible for conventional
airplane fuselages and adequate in other applications for Ly/L¢ < 0.75 . The correc-
tions for nearby planes of symmetry and antisymmetry can be used to solve problems
where two similar frames are simultaneously loaded. To illustrate the method the
following two examples are given:

Example 1

A frame of moment of inertia 4.0 in. 4 that is subjected to concentrated loads is
supported in a uniform shell whose characteristic length, L¢ , is 200 inches and
moment of inertia per unit length, i, is 0.10in.3 A heavy frame having a moment of
inertia of 16.0 in.4 is 50 inches to one side of this frame. The loaded frame and shell
loads are required.

The parameters needed are:

- 40
Y T 2%.1x 200 0.10

_ 16
Yy 7 2x.1x200

W

£
= =10,25
0.40 and I .

Using Y, and #/L¢ in figure 6 yields f(2) = 0.75.

Loy o= 0.75x0.10 = 0.075

Use 7y = 0.075 instead of 0. 10 in the tables to account for the presence of the heavy
frame on the stresses in and near the loaded frame.

Exampie 2

A shell whose characteristic length L¢ is 250 inches is sugported by a large
number of identical frames whose moments of inertia are 2.0 in.*, spaced 24 inches
apart. A pair of frames 96 inches apart are subjected to concentrated loads at the
same polar angle, ¢ . The two radial loads are of equal magnitude but opposite sign,
while the tangential loads are of the same magnitude and sign. The loads in the
loaded frames and shell are to be found.

——ﬂ——=0.048 i = 48

Y T 2% .0833 x 250 L 350  0-192

For the tangential loads there is a plane of symmetry midway between the loaded
frames, while for the radial loads a plane of antisymmetry exists at the same place.
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From figure 7 it is seen that for the radial load stress system, f£(2) = 0.32, while for
the tangential loading, f(2) = 1.75. Hence, the values of y* to be used in the tables
are 0.015 and 0. 084, respectively.

Eccentricity Between Skin Line and Neutral Axis of the Loaded Frame

In the three types of perturbation just discussed, it is possible to account for the
effects by modifying v only, since the "elementary-beam-theory" part of the solution
is always valid. In the case when the eccentricity between skin line and neutral axis
of the loaded frame exists, the "elementary-beam-theory” solution is also affected.
This particular aspect is discussed in Appendix E of reference 1.

CALCULATIONS BY USE OF TABLES

Formulas are given in a further section, by which the effects of a concentrated
load or moment on a shell-supported frame may be computed by using the tabulated
coefficients. The method of computing vy is indicated in a previous section. These
enable the shear flow and axial load at all points in the shell and the internal loads
and displacements of the loaded frame to be computed. Charts for the loads in the
loaded frame are included in references 3 and 5, as well as in this report, but the
tables for the computation of shell loads due to {rame flexibility are new. To
illustrate the order of magnitude of the loads in a possible airplane fuselage, an
example problem is solved in reference 1.

The following parts of the overall solution are omitted in the tabulated
coefficients:

(1) The "elementary-beam-theory'" part of the skin shear flow which
should be calculated from beam theory

(2) The "elementary-beam-theory'" part of the axial load intensity in
longerons which should be calculated from beam theory

(3) The rigid translations and rotation of the loaded frame

As a consequence of items (1) and (2), shear flow and axial load intensity in the
shell, as calculated from the tables, can be added directly to the results of an
"engineers bending theory" calculation. The shear flow and axial load distributions
given in the tables are assumed to be symmetrical with respect to the loaded frame.

In a shell that is unsymmetric about the loaded frame, the shear flows and axial
loads are not symmetric about the loaded frame. It is not possible to derive a simple
correction for this effect, but the exact solutions indicated in reference 2 are applicable.

It is observed in the tables that the perturbing axial load and shear flows are
significant even at large distances from the loaded frame.

T.-1030
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Distributed Load on a Frame

The effects of a distributed load on one frame may be obtained by superimposing the
effects of the concentrated loads into which the distributed load can be resolved. The
axial load and shear flow in the shell can be obtained for loads on several frames by
a similar superposition, since p and q are tabulated as functions of x/Lc .

Frames Adjacent to the Loaded Frame

At the present time it is not possible by use of the tables to compute the internal
forces in frames adjacent to the loaded frame. It is, however, a simple matter to
tabulate the frame-bending moment per inch, m , and the other internal forces as a
function of x/Le . The bending moment in an adjacent frame, due to a force applied
at the loaded frame, is then obtained by multiplying m at the frame station by If/i
(see Appendix D of reference 1).

Effect of Local Reinforcement of the Loaded Frame

It is not practicable to attempt to cover, by a set of tables or charts, the many
possible reinforcing patterns that can be used to locally strengthen frames in the region
of applied concentrated loads. A solution is presented in Appendix A, together with a
simple worked example, to illustrate the numerical procedure. loaded frame, whose
moment of inertia varies around the circumference in any manner, can be treated as a
frame of constant moment of inertia that is reinforced to produce the actual inertia
variation. Hence, the analysis of Appendix A applies to any loaded frame whose moment
of inertia is not constant.

Internal Bracing of Frames

A typical example of bracing the frames is the floor-supporting members in a
transport airplane fuselage. Each connection of the members to the frame introduces
three redundants. These are solved by using the tables of load and deflection coef-
ficients in conjunction with a "consistent deformations' solution for redundant struc-
tures.

Evaluation of Parameters Used in Other Publications

The charts in references 3 and 5 can be used with the theory given in this report.
In order to do this, the relationships between the parameters used in this report and
the parameters used in other publications must be written. For a general discussion
of the differences between the theories in these reports, see Appendix C, reference 1.




14
The parameters used in reference 5 are evaluated as follows:

A = 2:25 (14)

A _
5 = (15)

The charts in reference 5 are valid for a shell with equally spaced frames, with moment
of inertia equal to that of the loaded frame. In applying the results to the case where the
moment of inertia of the loaded frame differs from that of the other frames, the assump-
tion is made that the other frames are regrouped and concentrated into equivalent frames
that are equal in stiffness to the loaded frame. This assumption makes the frame spac-

ing:
L =L @— = 2yL (16)
o) c Al 4 c

If this ficticious frame spacing is considerably larger than the actual frame spac-
ing the results obtained by using reference 5 may be quite inaccurate.

L-10%0

The parameter '"d" used in reference 1 can be obtained from 7y and Lr/LC by
using the graph shown in figure 5. The straight-line portions of this graph obey the
formula:

er
36 1 + T
d =22 X Y&  ford< 110 (17) .

Y LZ
r
1 +2\g.
c »

Since the empirical curves in figures 5 for d > 110 were obtained by a comparison
of the charts in reference 3 and 5, the application of the charts of reference 5 using "'d"
from figure 5 may result in significant errors if the stiffness of the loaded frame is
markedly different from the unloaded frames.

TABLES

The loads and displacements of the loaded frame and loads in the shell are given
in terms of the non-dimensional coefficients of the tables by the formulas below.

PO TO M
9 T Cp T4 Ch T *Cm T2
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m o
Mo
= P _9
S Csp o * CstT0+ Cs T
Mo
F—Cpr * CftTo * CfmT
_ yr yr yr
v Cvo Po El ¥ CvtTo El vm o EI
yr 'yr3 'sz
W pr 0Bl * %t To ErC * Cwm Mo EI
o 0 (o)
‘yr2 Yr Yr
6= Cep L _Io * Cet To EL Com My BT

Tables 1 to 63 give the coefficients defining the loads and displacements in the
loaded frame.

Tables 64 to 108 give the coefficients defining the loads in the shell.

Lockheed Alrcraft Corporation,
California Division,
Burbank, Calif., October 1959.
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APPENDIX A
EFFECT OF LOCAL REINFORCEMENT OF 1L.OADED FRAME

When large, concentrated loads or moments are applied to a frame it is often
necessary to locally reinforce the frame. By considering the reinforcing as a set of
structural elements having bending stiffness only, and equating the distortions of the
unreinforced frame and reinforcing elements, a solution is derived.

Assumptions and Representation of the Reinforcing

The reinforcing, which is assumed to be symmetrical about the point of application
of the externally applied concentrated load or moment, is idealized as a number of bending
elements, each of constant moment of inertia. Each element can be represented by a
rotational spring connected between adjacent points on the frame. Since the shearing
and axial strains in the frame are negligible, it is not necessary to consider the corre-
sponding transfer of force to the reinforcing. This type of representation is valid for
any external loading. To illustrate the technique, a simple example is solved. The
extension to more complex reinforcing patterns is simple and obvious.

L-10%0

Solution

Referring to figure 8, it is seen that each constant inertia section of the reinforcing
can be represented by a rotational spring. Each spring introduces a redundant, the bending
moment taken by the spring. The action of these moments, M1 and Mp, is indicated in
the free bodies of figure 8. The change of slope across the i™ element of reinforcing is
AB; = 0;- 04-1. Each incremental rotation can be considered to consist of two parts:
a first part due to externally applied loads or moments, and a second part due to the -
moments M; . Then we have for the frame:

A6 a a M -
1] _ | e1)_[M11 "12 1 (A.1)

L6y | |Bbeg| |21 292 | | M

A6

Aeei is the incremental rotation due to the externally applied loads and aij are the

influence coefficients that will be derived later.
From ‘"engineers beam theory", for the ith frame element,

&5
A0, = L J mrdg = -(m_) rA—¢i— (A.2)
i EI avi EIO :

° G-

where (mav)i is the average moment between ¢(i—1) and ¢i .
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For the i~ reinforcing spring,
Mir A¢i
a6, = EL (A.3)
i
A
Equating (A. 1) and (A. 3) we obtain:
rA ¢1 '
<a11 T > 249 M 2061
A ¢2 = (A.4)
A1 22" B A M2 Abgy
This equation is solved by inverting the square matrix to yield M1 and Mz. The
bending moment in the reinforced frame is given by:
Io
Mip = - M, <1+ I—l- (A.5)

Determination of Influence Coefficients

This problem is simplified by separately considering the cases of symmetric
and antisymmetric externally applied loading. The work can be shortened by choosing
all reinforcing elements to be the same length, rA¢ . The midpoint of each element,

¢; ,» can thus be easily located:
¢ L = 0540

(A.7)
¢, = 1.50¢

Radial Load Applied at ¢O

In this case Mg—) =~M, (see fig. 8) and the average bending moment in each
frame element, due to the reidforcement moments, is:

-

(my) = My L “Coam @3 =2 * Cppy 6+ 09 jl * My [ Cm (®57%)
“Chm($; 7 09 - Conm (93~ #2) * Cmm(‘i;i+ g) :\

where Cmm(ai - ¢j) is the average moment coefficient due to a moment applied at ¢>j
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*
é. . Writi = b. - - &. i
and measured at ¢i riting Cij Cmm(¢i ¢j) Cmm(¢i + ¢j), the influence
coefficients can be tabulated. The factor, raA¢/El, , is common to all coefficients.

*
Therefore, to simplify the presentation, tabulate aij = aij El, /T .

Influence coefficients for the case of a radial-applied load can now be written as:

* * * * C*
a5, = ¢y 2127 €117 %12
* _ C* * * C*
4 T " ~21 359 = €917 C22

Now it is possible to introduce a simplification into equation (A.4). ¥ A 6; is
rewritten as r A¢/EIl, - I,/1;, all terms in equation (A.4) contain r A¢/EI,, and the
equation can be written:

I = * T M _
(@ * To/h) 2 | 1 Conp(®1 ~ 9o
=- (A.8)

* -

*
291 @y * I,/T) | | My Crp®2 = &)
Moment or Tangential Load Applied at ¢0

In this case, MS-) =+ M. (see figure 8). The reinforcement moments produce an
average bending moment in each frame element of

(mav)i = Ml [ 2Cmm($i - ¢O) = Cmm($i - ¢1) - cmm(d—)i + ¢1) ]

+ M, [ Cmm($i_ P+ Crm (@it 99)- Cmm(ai_ ¢o) _Cmm((ﬁi * oy ]
Letting Cmm(‘;i - ¢j) + Cmm(ai + ¢j) be written as C:j* , and introducing the

same simplification as was introduced in the case of the radial load, the influence co-
efficients can be given as:

%k %%k C** %k C** C**

25, = €0~ %11 s B9 T %1 T M2
%%k *%k &k * Kk *k
a =C_.-C ; a,, =C_. -C

21 20 21
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_Equation (A.4) can be written for an applied moment as:

4 *%k
a9

a

For an applied tangential load, equation

I )
+ = a
I 12

*%k
an

IO
Vo)
)
%k
21 a

*%k
312

**+Io
29 1.

2

Ak %%k + Io
2% 399 I,

Numerical Example

A shell whose ratio of characteristic lengths,

applied at a point.

of that point. I, =

2.0 in.

My

My

and y = 0.1.

L /L
The loaded frame is reinforced in such
the point of load applicatio

(A.4) becomes

mm@’l -9
Cmmwz - ¢o)
CmT(‘{"l B ¢o)
CmT(d;z -9

19

(A.9)

(A.10)

= 0.4, has a radial load
a manner that 1/1

=6.0 at
n4 and the reinforcment tapers to zero at 20 degrees either side

Step 1: The reinforcement is replaced by four constant-inertia elements, two on

each side of the point of load application.

Step 2:

The coefficients C

table is on page 47 of the tables.

are found from the tables.

~ o
) j 10° 20°
. - .36509 .16272 Cmm(‘fi - ¢y
5 +.16272 . 05223 Cmmfj’i )
- .52781 . 21495 O
. +.36509 | - .36509 cmm(?i - ¢)
15 +.05223 .00307 nm®; * 6
+.31286 .36816 ch

In this case the

This lumping of the inertia is shown in figure 9.
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Step 3. Equations (A.4) becomes

(.5278 + . 267) -.3128 M1 . 0558
- .3128 (.6749 + .8000) M2 . 0096
M1 = -.0794 : M2 = -.0234

The bending moments in the reinforced frame came from equation (A.5) and are:

MlT = ,101 MZT = + .042

Step 4. Find the coefficients in the unreinforced part of the frame.

M= o+ N (Mg, 'Mi)C:j

(M, -M,) = +.0560 -M, = +.0234
<1’;] o o
3 M,
%, 10 20 (Mi)ext i
Cmm(ai - ¢j) + .1627 | + .3651
Cmm(qsi + ¢j) o +.0031| -.0145
;‘j 25 +.1596| +.3796 | - .0101 | + .008
*
(Mi+1—Mi)Cij +.,0090 | +.009
cmm(@i - ¢j) +.0522| + .1627
cmm(qSi + ¢j) o - .0145{ -.0172
c;j 35 + .0667| +.1799 | -.0160 | - .o008
*
(Mi + l—Mi)Cij + .0037| +.0042
C.(®, - ¢j) +.0031| +.0522
C_ (6 + ¢j) -.0168] -.0155]-.0160 | - .0133
;‘j , 45° +.0199| +.0677
*
(Mi+ 1-Mi) Cij +.0011{ +.0016

These results are plotted in figure 9 to show the effect of this particular reinforcing

pattern on the bending-moment coefficient.

L-10%0
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Figure 1.- Shell model on which the present analysis is based.
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Figure 2. - Shell model on which the analysis of reference 3 is based.
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Figure 3. - Loads per inch and displacements in the shell.
(Loaded frame at x = o).

NEUTRAL AXIS

Figure 4. - Loads, moments and displacements in loaded frame.
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P, /\ REINFORCED REGION

\ /

FRAME

¢2—-—--<- 1)

THE REINFORCING CAN BE SPLIT INTO ANY DESIRED NUMBER
OF ELEMENTS. AS AN EXAMPLE TAKE FOUR ELEMENTS. FOR
ANALYSIS PURPOSES THE STRUCTURE IS THEN REPRESENTED AS

SHOWN BELOW.

N REINFORCED ELEMENTS
M‘. M REPRESENTED BY

2 AN AN %‘ ROTATIONAL SPRINGS

UNREINFORCED FRAME, SHOWING MOMENTS DUE TO
THE REINFORCING ELEMENTS AND ROTATIONS

Figure 8. - Local reinforcing of the loaded frame.
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STRUCTURAL CHARACTERISTICS
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Le
RADIAL LOAD AT @0

IS SHOWN BELOW

MOMENT OF INERTIA DISTRIBUTION

6.0

4.0 I~

2.0

0 [~ i 1 1 L 1 1 1 1 1
O 20 40 60 80 100 120 140 160

¢

1
10

-02 -

UNREINFORCED FRAME

Figure 9. - An example to illustrate the effect of local reinforcing of the loaded frame.
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